Abstract: This paper is devoted to the analysis of (m, n)− string in stringy NewtonCartan background. We start with the Hamiltonian constraint for (m, n)−string in general background and perform limiting procedure on metric and NSNS and Ramond-Ramond two form background that leads to stringy Newton-Cartan gravity. We also analyze conditions that these background fields have to obey in order to define consistent world-sheet (m, n)−theory. We also discuss D1-brane with dynamical electric field in stringy NewtonCartan gravity.
Introduction
Recently new interesting generalization of Newton-Cartan (NC) gravity [1] was proposed in [2] . In standard NC gravity there is one-dimensional foliation direction of space-time corresponding to the absolute time direction that is longitudinal to the world-line of particle. The stringy NC gravity is generalization of this picture in the sense that one dimensional foliation is replaced by a two-dimensional foliation with one time-like and spatial foliation directions that are longitudinal to the world-sheet of the string. Further, stringy NC gravity is related to non-relativistic strings [3, 4] in the same way as general relativity is related to relativistic string theory as was recently discussed in [5] 1 . This paper also analyzed T-duality properties of non-relativistic strings in stringy Newton-Cartan background that are very interesting when it was shown that T-duality along the longitudinal direction of the stringy Newton-Cartan geometry describes relativistic string theory on a Lorentzian geometry with a compact lightlike isometry, which is otherwise only defined by a subtle infinite boost limit. This fact was further confirmed in [9] when T-duality properties of non-relativistic string in stringy NC background was analyzed with the help of canonical formulation of this string sigma model found in [10] .
Since the proposal suggested in [5] is very interesting we mean that it is natural to study further aspects of stringy NC. In particular, we would like to see whether it is possible to define another extended objects known in string theory, as for example D-branes [11] in this background. It is natural to begin with D1-brane which is two dimensional object with gauge field propagating on its world-sheet. This action couples to Ramond-Ramond (RR) two form and one form together to gravity, NSNS two form and dilation that are background fields of type IIB supergravity. Such an action can be written in manifestly SL(2, Z) invariant form [12, 13] that reflects SL(2, Z) duality of type IIB theory. We consider Hamiltonian for this object and analyze non-relativistic limit of the background metric as was proposed in [14] and that was used for the definition of non-relativistic string in stringy NC background in [15] . In case of D1-brane as a probe the situation is more interesting since there is an electric flux on the world-sheet of D1-brane. We firstly consider D1-brane with fixed gauge invariance when the momentum conjugate to A σ is equal to some integer number m that counts the number of fundamental strings in the bound state with D1-brane. We call resulting object as (m, n)−string [12, 13] . If we start with such a probe we should define background RR and NSNS two form fields in such a way that the limiting procedure [14] leads to finite Hamiltonian constraint. It turns out that this procedure is similar to the case of fundamental string [15] . However due to the non-trivial structure of the background fields that define stringy Newton-Cartan geometry we have to check that they solve the background equations of motion of type IIB gravity. More explicitly, we consider type IIB gravity equations of motion and study their solutions for the metric ansatz proposed in [14] together with another fields that appear in (m, n)− string action.. Inserting the ansatz [14] into definition of the relativistic Christoffel symbols we derive condition when this connection is finite even if the parameter that defines nonrelativistic limit goes to infinity. We restrict ourselves to the case of zero torsion condition [16] even if certainly more general situations are possible, see for example [17] . Now since the Christoffel symbols is finite we also find that Ricci tensor is finite and hence in order to have well defined non-relativistic limit in the background equations of motion we have to demand that the stress energy tensor for the background fields is finite as well. It turns out that this condition has important consequence on the dilaton and RR zero form which now have to be constant. Then the equation of motion for dilaton RR and zero form implies that field strengths of RR and NSNS two form fields have to vanish. We also discuss more interesting case of the fundamental string when now dilaton does not have to be constant. In this case however we find that requirement that Christoffel symbols for Einstein frame metric is finite implies that spatial projection of derivative of dilaton should be zero.
In the second part of the paper we focus on the problem of the definition of the action for n coincident D1-branes in the stringy NC background when the gauge symmetry on the world-sheet is unfixed. Then in order to have finite and non-trivial theory we have to scale RR two form and zero form field in appropriate way as well. As a result we obtain finite Hamiltonian constraint for D1-brane in stringy NC background. Then following standard procedure we find corresponding Lagrangian density. Finally we also discuss the equations of motion for the background fields and we find that they have to obey the same conditions as in case of the stringy NC gravity. This paper is organized as follows. In the next section (2) we introduce an action and Hamiltonian for n coincident D1-branes in general background. Then in section (3) we consider gauge fixed theory that corresponds to (m, n)− string and find its non-relativistic action in NC background. In section (4) we analyze equations of motion for background fields. In section (5) we study D1-brane in stringy Newton-Cartan background when the gauge symmetry is not fixed and we find corresponding Lagrangian density. Finally in conclusion (6) we outline our results and suggest possible extension of this work.
Hamiltonian Formulation of D1-brane in General Background
In this section we review basic facts about D1-brane in general background and its Hamiltonian formulation. As the starting point we consider an action for n coincident D1-branes in general background
where x µ , ν = 0, 1, . . . , 9 are embedding coordinates of D1-brane in the background that is specified by the metric G µν and NSNS two form B µν = −B νµ together with RamondRamond two form C
νµ . There are also two background scalar fields, dilaton Φ and RR zero form χ. Further, σ α = (τ, σ) are world-sheet coordinates and b τ σ , c τ σ are pull-backs of B µν and C (2) µν to the world-sheet of D1-brane. Explicitly,
2πα ′ is D1-brane tension and A α , α = τ, σ is two dimensional gauge field that propagates on the world-sheet of D1-brane.
It is useful to rewrite the action (2.1) into the form
3)
. Now we proceed to the Hamiltonian formulation of the theory defined by the action (2.3). First of all we derive conjugate momenta to x µ and A α from (2.3)
and hence
Using these relations it is easy to see that the bare Hamiltonian is equal to
while we have three primary constraints
Including these primary constraints to the definition of the Hamiltonian we obtain an extended Hamiltonian in the form 8) where N τ , N σ , v τ are Lagrange multipliers corresponding to the primary constraints H τ ≈ 0 , H σ ≈ 0 , π τ ≈ 0. Now we have to check the stability of all constraints. The requirement of the preservation of the primary constraint π τ ≈ 0 implies the secondary constraint
Now we are ready to proceed to the analysis of (m, n)−string in stringy NC background.
(m, n)−String in Stringy NC Background
(m, n)− string is defined as D1-brane where the gauge symmetry is fixed so that the electric flux π σ is constant and counts the number of fundamental strings. Explicitly, we fix the gauge generated by G with the gauge fixing function A σ = const. Then the fixing of the gauge implies that π σ = f (τ ) but the equation of motion for π σ implies that ∂ τ π σ = 0 and hence π σ = m, where m is integer that counts the number of fundamental strings bound to n D1-branes. In order to define stringy NC background we follow [14] and introduce 10− dimensional vierbein E A µ so that the metric components have the form
Note that the metric inverse G µν is defined with the help of the inverse vierbein E µ B that obeys the relation E
As the next step we split target-space indices A into A = (a ′ , a) where now a ′ = 0, 1 and a = 2, . . . , d − 1. Then we introduce longitudinal vielbein τ a µ so that we write
In the same way we introduce vierbein e a ′ µ , a = 2, . . . , d − 1 and also introduce gauge field m a µ . The τ a µ can be interpreted as the gauge fields of the longitudinal translations while e a ′ µ as the gauge fields of the transverse translations [2] . Then we can also introduce their inverses with respect to their longitudinal and transverse translations
With the help of these fields we introduce following parametrization of relativistic vierbein
where ω is free parameter that we take to infinity when we define non-relativistic limit.
Note that the inverse vierbein to (3.5) has the form (up to terms of order ω −3 )
Then with the help of (3.5) and (3.6) we obtain following form of the metric
As the next step we have to introduce an appropriate parametrization of RR and NSNS two forms. Following analysis presented [18] we suggest that they have the form
where
and where X, Y are factors that can depend on space-time fields and m, n that we choose in such a way to make Hamiltonian constraint finite in the limit ω → ∞. In fact it turns out that this requirement implies
Then using (3.8) and also (3.10) we can now perform the limit ω → ∞ in the Hamiltonian constraint and we find that it is equal to
where we introduced following fieldŝ
and where
Finally using the fact that
we can rewrite the Hamiltonian constraint into the form
This is the Hamiltonian constraint for (m, n)− string in stringy NC background. Let us now proceed to the Lagrangian form of this theory. Note that the Hamiltonian is equal to
where H τ is given in (3.15) . From (3.16) we obtaiṅ
To proceed further we use the fact that
Then the Lagrangian density has the form
Further, the special property of non-relativistic string and (m, n)−string is that N τ , N σ are determined by the equations of motion for x µ . To see this, we multiply the equation of motion for x µ by τ µν and we obtain
If we multiply this equation with ∂ σ x µ we get
In the similar way we obtain
that can be solved for N τ as
Inserting (3.23) and (3.25) into (3.20) we obtain Lagrangian density in the form
where we used the result found in [15] that two terms proportional to Φ ab cancel each other as
The Lagrangian density (3.26) is the final form of the Lagrangian density for (m, n)−string in stringy NC background. However in order to be our approach self-consistent we have to check the equations of motion for the background fields that were used in the construction of the Lagrangian density (3.26).
Background Equation of Motion
In order to derive form of the non-relativistic (m, n)−string we presumed special form of the background fields. Our goal is to check the consistency of the equations of motion for the background fields when the limiting procedure is performed.
We start with Christoffel symbols of parent relativistic theory
Now recall that the metric components that define stringy NC background have the form
Inserting (4.2) into (4.1) we obtain in the limit ω → ∞ Let us now focus on the divergent term that can be rewritten into the form
We see that this term vanishes when we impose zero torsion condition
In what follows we will presume this condition. Then after some calculation we find that (4.3) simplifies considerably and has the form
As a check we can easily find that τ a µ and h µν are covariantly constant
Now we are ready to proceed to the analysis of type IIB supergravity equations of motion. We start with the type IIB string effective action in the form
and where the action is written in the Einstein frame where the metric components are related to the string components metric as
Finally note that we use the convention
The variation of the action with respect to G µν E gives following equations of motion for metric
where T µν is stress energy tensor whose exact definition will be given below. Now taking the trace of the equation (4.13) with G µν E we obtain
Inserting this result into (4.13) we find an alternative form of the equation of motion
that is suitable for non-relativistic limit. Before we proceed to this point we should analyze one subtle point which is the relation between Einstein frame and string frame connection that generally has the form
The subtle point is that for the metric (4.2) we find that Γ ρ µν (G E ) generally diverges in the limit ω → ∞
We see that there is a divergent contribution proportional to h ρσ ∂ σ Φ. Then in order to have finite Christoffel symbols in Einstein frame as well we impose following condition on the dilaton
We will discuss this restriction in more details below 2 . Let us now return to the equation of motion (4.15). Since its left side is finite the right side has to be finite too in the limit ω → ∞. This fact implies additional conditions on the background fields. To see this let us focus on the matter part of the action that depends on G µνρ that has following stress energy tensor defined as
We see that necessary condition to have finite stress energy tensor we have to demand that G
µνρ has to be finite in the limit ω → ∞. Let us analyze this requirement in more details and start for simplicity of notation with the field strength of B µν . Inserting (3.8) into definition of H µνρ we obtain 2 There is an interesting question whether it is necessary to demand that the Christoffel symbols in string frame should be finite or whether it is not sufficient to demand that they should be finite in Einstein frame only. This requirement would imply relation between derivatives of τ a µ and ∂µΦ. We leave this question for further study.
First of all we see that the first divergent contribution proportional to ω 2 vanishes when we impose zero torsion condition. On the other hand there is still divergent contribution coming from the terms on the last line that are proportional to derivative of X. Since B µν does not vanish and it is proportional to ω 2 we see that in order to ensure finiteness of H ρµν we have to presume that Φ and χ are constant and hence ∂ ρ X = 0. Note that this is stronger condition than (4.18). Then however the equations of motion for τ implies that G (3) has to be zero. Note that the condition G (3) = 0 also solves the equation of motion for G 3 . Further, the stress energy tensor for complex scalar τ vanishes for constant τ . As a result we find that the equations of motion for stringy NC gravity has simple form
Thanks to the fact that Φ is constant this equation also implies
where R µν depends on Christoffel symbols given in (4.7).
Special Case
There is an important special case when n = 0, m = 1 that corresponds to the situation when the probe that defines stringy Newton-Cartan gravity is fundamental string. This case is special since we have X = 1. For simplicity we further presume that the background RR fields are zero. In this case the field strength for B µν has the form
where we imposed zero torsion condition ∂ µ τ a ν −∂ ν τ a µ = 0. Let us again study the equation of motion for the background fields. Note that the relativistic theory is governed by the action
Let us start with the equation of motion for Φ
and find its non-relativistic limit. First of all we have
Then the equation of motion for Φ reduces into following form in the limit ω → ∞
where H µνρ is given in (4.23). Further, the equation of motion for H µνρ takes the form
that in the non-relativistic limit reduces into
where H µνρ is again given in (4.23). Let us now discuss consequence of the condition (4.18). Imposing this condition in (4.29) we obtain following condition on H µνρ
Note that in this case the equation of motion (4.31) is satisfied as well. Note that in adapted coordinates when e a ′ µ = e a ′ i , i = 2, . . . , 9 and hence h µν has non-zero components h ij we find that the condition above implies
Let us finally discuss the equation of motion for
As we argued above the left side of this equation is finite in the limit ω → ∞. Then on the right side we should have finite contribution as well. In case of the scalar field we obtain
On the other hand in case of B µν we obtain
which implies
Note that this expression is finite as well when we impose the condition (4.32) however we will not find the explicit result since it is rather complicated. As a result we obtain final form of the equation of motion of stringy Newton-Cartan gravity
where Φ has to obey the condition (4.18) that in adapted coordinates τ a µ = δ a µ , e a ′ µ = e a ′ i , i = 2, . . . , 9 implies ∂ i Φ = 0 and hence Φ = Φ(t). However we should stress one important point which is the fact that the equation of motion for Φ does not determine its time evolution. The same is true in case of NSNS two form B µν too. Of course, in both cases we can replace conditions (4.18) and (4.32) stronger conditions ∂ µ Φ = 0 , H µνρ = 0. We leave more general analysis of stringy NC equations of motion for future project.
D1-Brane with Unfixed Gauge Symmetry in NC Background
In this section we consider situation when we have n coincident D1-branes and take the non-relativistic limit on metric and NSNS two form field that defines stringy NC gravity. We again start with the Hamiltonian given in (2.6) and (2.7) where the metric is given in (3.7) and where NSNS two form field has the form
With such a choice of the NSNS field we find that divergent contribution in the Hamiltonian constraint that are proportional to τ µν cancel for any π σ . However there are now several possibilities how to take scaling limit of RR fields. For example, if we demand that C (2) µν has similar form as B µν , i.e. C
µν = B µν + c µν the requirement that Hamiltonian constraint should be finite in the limit ω → ∞ implies following condition
The first equation implies χ = −1 that together with the second one gives e −2Φ = 0. However this is the realm of the infinite coupled string theory which is clearly rather subtle limit. For that reason we consider another scaling limit when
Now the Hamiltonian constraint is finite and has the form
Note that π σ is still dynamical field which is a crucial difference when we compare with the analysis presented in section ( 3) .
As the next step we determine corresponding Lagrangian. From the Hamiltonian
we obtain
To proceed further we use the fact thatê
and we again obtain X
As the next step we expressτ µ a Π µ with the help of the equation of motion for A σ as
where we also used the fact equation of motion for x µ implies
and hence we expressed π σ with the help of the second equation in (5.12) . Collecting all these terms together and after some calculations we obtain Lagrangian density in the form
2 a σσ + T D1ñCτ σ .
(5.13)
Finally solving equation of motion for N τ and inserting the result into (5.13) we obtain final form of the Lagrangian density for D1-brane in stringy NC background
This is the Lagrangian density forñ− D1-branes in stringy NC background. Analysis of the consistency of the background fields is the same as in section (4) since we consider stringy NC background. On the other hand since RR two form C (2) scales as ω we should demand that its field strength vanishes in order to have finite stress energy tensor. Then clearly the equations of motion for C (2) are obeyed as well.
Conclusion
Let us outline results derived in this paper and suggest possible extension of this work. The main goal of this paper was to analyze properties of D1-brane theory in the limit that defines stringy NC background from relativistic theory [14] . We firstly considered D1-brane theory with fixed gauge invariance that defines (m, n)− string and we found Lagrangian density for (m, n)−string in stringy NC background. Then we studied conditions that the background fields have to obey in order to define consistent theory. We also found that the (m, n)−string in stringy NC background is manifestly SL(2, Z) invariant as a consequence of SL(2, Z) invariance of the parent type IIB theory.
We further analyzed the problem of general D1-brane in stringy NC background. We showed that in order to have non-trivial D1-brane theory we should scale the number of D1-branes and RR two form in an appropriate way. We find corresponding Hamiltonian for D1-brane with dynamical gauge field and corresponding Lagrangian density that is manifestly gauge invariant. We mean that this is nice result that brings new insight into the definition of the action for D1-branes in stringy NC gravity.
This work can be extended in several directions. For example, it would be nice to analyze limit when the string coupling goes to infinity in more details. Further, we would like to analyze T-duality along world-volume direction of D1-brane in NC theory. With analogy with standard relativistic string theory we should expect that resulting object is D0-brane in T-dual theory. It would be nice to analyze similar situation in stringy NC theory in more details. It would be also very nice to better understand to non-relativistic limit of the equations of motion of type IIB gravity. In particular, it is not clear whether it is necessary to impose condition that Christoffel symbols should be finite in string frame or whether it is sufficient to demand that they are finite in Einstein frame only. It would be also very nice to find relation between limit studied in this paper and recent interesting results derived in [21, 22] We hope to return to this problem in future.
